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Thirty-one years ago Dick Feynman told me about his ‘sum over histories’
version of quantum mechanics. ‘The electron does anything it likes’, he said.
‘It goes in any direction at any speed, forward and backward in time, how-
ever it likes, and then you add up the amplitudes and it gives you the wave-
function.’ I said to him, ‘You’re crazy’. But he wasn’t.
F. J. Dyson (1923–2020)

Problem 1 : Path integral in quantum mechanics [10 points]

Part (a) : Compute the measure for a canonical case

In the path integral formulation of quantum mechanics, we reach a point where
we have the following expression,

⟨q′′, t′′ | q′, t′⟩ =
∫

Dq exp

[
i

∫ t′′

t′
dtL(q̇(t), q(t))

]
(1)

Find an explicit formula for Dq in the above expression. Your final formula will
have the form,

Dq = C
N∏
j=1

dqj (2)

where C is the constant you need to compute.
Read the “Recap for Part (a)” section at the end of the problem before at-
tempting the problem.
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Part (b) : Path integral of a free particle

Assume that we have a free particle, i.e. V (q) = 0. For this case, evaluate the
path integral in eq.(1) explicitly. Express your final answer in terms of q′, t′, q′′, t′′

and m. Restore ℏ by dimensional analysis.
Hint : Integrate over q1, then q2, etc., and recognize a pattern.

Part (c)

Compute ⟨q′′, t′′|q′, t′⟩ = ⟨q′′| e−iH(t′′−t′) |q′⟩ by inserting a complete set of momen-
tum eigenstates, and performing the integral over momentum. Compare this result
with your result in part (b). (Use the same Hamiltonian as in part (b))

Recap for Part (a) Here is a brief summary of where this term Dq comes from :
Starting with

⟨q′′, t′′ | q′, t′⟩ =
∫ N∏

k=1

dqk

N∏
j=0

dpj
2π

eipj(qj+1−qj)e−iH(pj ,q̄j)δt (3)

where q̄j =
1
2
(qj + qj+1) , q0 = q′ and qN+1 = q′′.

We can now define q̇j ≡ qj+1−qj
δt

and take the formal limit of δt → 0 we get,

⟨q′′, t′′ | q′, t′⟩ =
∫

DqDp exp

[
i

∫ t′′

t′
dt(p(t)q̇(t)−H(p(t), q(t)))

]
(4)

Assuming that the Hamiltonian is no more than quadratic in momenta then we can
do the integral over dq as a Gaussian integral. We will assume that our Hamiltonian
satisfies this form (true for many of the commonly used Hamiltonians in physics) is
expressed as,

H(p, q) =
1

2m
p2 + V (q) (5)

If the term that is quadratic in p is independent of q (like in the case of our Hamilto-
nian), then the integration can be done over p and all of these prefactors are absorbed
into

Dq : which we call as the measure (6)

and the remaining integral will have the following form,

⟨q′′, t′′ | q′, t′⟩ =
∫

Dq exp

[
i

∫ t′′

t′
dtL(q̇(t), q(t))

]
(7)
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Problem 2: Wick’s theorem derivation using path integral
formulation

[10 points]

Part (a) : Mathematical prelude

Let us define,

In =

∫ ∞

−∞
dx x2ne−

1
2
ax2

. (8)

(i) Explicitly compute I0 (Ideally in less than 5 lines)

(ii) Using I0, compute I1

Hint : Do not explicitly compute I1. Take some time and try to find a differential
relation between I0 and I1. This is a foundational step in path integration!

Part (b) : Computing n-point correlation function

We define the n-point correlation function as,

⟨xn⟩ =
∫∞
−∞ dx xne−

1
2
ax2∫∞

−∞ dx e−
1
2
ax2

. (9)

Calculate,

(i) ⟨x2⟩

(ii) ⟨x4⟩

(iii) ⟨xn⟩

Hint : After computing the squared and quadratic correlation function, you gen-
eralize the result for an n-point correlation function. Essentially, to do it mathe-
matically precisely you will need to use induction, but our goal here is just to get
the result.

Part (c) : Diagramatically demystyfying n-point correlation function

We now want to diagrammatically make sense of the result of the expression ⟨xn⟩
(the RHS you found in the previous part). To do this, represent each factor of 1

a

as a line linking factors of x.
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Part (d) : Generalzing our result to N dimensions

Now consider the N -dimensional vector x and the integral

K =

∫
dx1 . . . dxNe

− 1
2
xTAx+bTx

=

(
(2π)N

detA

) 1
2

e
1
2
bTA−1b.

(10)

By differentiating with respect to components of the vector b, and then setting
b = 0, show that

⟨xixj⟩ =
∫
dx1 . . . dxN xixje

− 1
2
xTAx∫

dx1 . . . dxN e−
1
2
xTAx

=
(
A−1

)
ij
. (11)

Part (e) : Voila! We have derived Wick’s theorem

Using the result eq.(11), argue that

⟨xixjxkxl⟩ =
(
A−1

)
ij

(
A−1

)
kl
+
(
A−1

)
ik

(
A−1

)
jl
+
(
A−1

)
il

(
A−1

)
jk
. (12)

and write down an expression for the general case

⟨xi . . . xz⟩ (13)
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Institut für Theoretische Physik, Uni Heidelberg Due date: 07/ 08 May 24

Sheldon : Quantum physics makes me so happy.
Leonard : Yeah? I’m glad
Sheldon : It’s like looking at the universe naked.

- The Big Bang Theory (2007-2019)

Problem 1 : Path integral of complex scalar fields [6 points]

Problem statement

Show that for complex scalar fields∫
Dϕ⋆Dϕ exp

[
i

∫
d4x(ϕ⋆Mϕ+ J⋆ϕ+ Jϕ⋆)

]
= N 1

detM
exp

(
iJM−1J

)
(1)

for some (infinite) constant N

Problem 2 : Feynman rules for λϕ4 using path integrals [14 points]

Problem statement

The generating functional for a ϕ4 theory is given by,

Z[J ] =

[
e
− iλ

4!

∫
d4z δ4

δJ(z)4

]
Z0[J ] (2)

where Z0 is the normalized generating functional for a free scalar field.
Our goal for this problem is to investigate the first-order term in the expansion of Z[J ],
given by

Z1[J ] =
N0

N

[
− iλ

4!

∫
d4z

δ4

δJ(z)4

]
e−

1
2

∫
d4xd4yJ(x)∆(x−y)J(y) (3)

The simple idea to reach our goal? Act on Z0[J ] = e−
1
2

∫
J∆J with δ

δJ(z)
four times.
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(a) : Attack #1 :

Verify that hitting Z0[J ] once with our functional differential operator gives us,

δZ0[J ]

δJ(z)
=

[
−
∫
d4y∆(z − y)J(y)

]
Z0[J ] (4)

(b) : Attack #2

Verify

δ2Z0[J ]

δJ(z)2
=

[
−∆(z − z) +

{∫
d4y∆(z − y)J(y)

}2
]
Z0[J ] (5)

(c) : Attack #3

Verify

δ3Z0[J ]

δJ(z)3
=

[
3∆(z − z)

{∫
d4y∆(z − y)J(y)

}
(6)

−
{∫

d4y∆(z − y)J(y)

}3
]
Z0[J ] (7)

(d) : Attack #4 (Final)

Verify

δ4Z0[J ]

δJ(z)4
=

[
3∆(z − z)2 − 6∆(z − z)

{∫
d4y∆(z − y)J(y)

}2

+

{∫
d4y∆(z − y)J(y)

}4
]
Z0[J ].

(8)

(e) : Tie a knot to all those pieces now

Expand the brackets, multiply by −i λ
4!
and integrate

∫
d4z to end up with the final result

that Z1 [J ] is given by,

Z1[J ] =− N0

N
iλ

[
1

8

∫
d4z∆(z − z)2

− 1

4

{∫
d4zd4y1d

4y2∆(z − z)∆(z − y1)J(y1)∆(z − y2)J(y2)

}
+

1

4!

{∫
d4zd4y1d

4y2d
4y3d

4y4

×∆(z − y1)J(y1)∆(z − y2)J(y2)∆(z − y3)J(y3)∆(z − y4)J(y4)

}]
Z0[J ].

(9)
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by doing this we have terms in J of order O(J) = 0, 2, 4

(e) Feynman rules from path integral formulation

Interpret the previous result by drawing Feynman diagrams for each term.
Remark : This is the exact procedure that is used to work Feynman rules for a theory
in the path integral formulation.

3



Quantum Field Theory 2 – Exercise sheet 3
Lecturer: Robert Ziegler
Obertutor: Rohan Kulkarni

Institut für Theoretische Physik, Uni Heidelberg Due date: 14/ 15 May 24

The more success the quantum theory has, the sillier it looks.
- Albert Einstein (1879-1955)

Problem 1 : Ward identity for Compton scattering [10 points]
Problem statement

On sheet0 you have calculated the amplitude for Compton scattering e−(p) γ(k) →
e−(p′) γ(k′) with the result

T = e2εµ(k)ε
∗
ν(k

′)Aµν , (1)

where

Aµν = u(p′)

[
γν(/p+ /k +m)γµ

(p+ k)2 −m2
+

γµ(/p− /k
′
+m)γν

(p− k′)2 −m2

]
u(p) . (2)

Show that this amplitude satisfies the Ward Identity, i.e. kµAµν = 0 for on-shell electrons.
You don’t need to assume that the photons are on-shell, i.e. don’t use k2 = k′2 = 0.

Problem 2 : Generating functional of connected correlation functions
[10 points]

Problem Statement

We know now that taking functional derivatives of our generating functional

Z [J ] =

∫
Dφ exp

[
i

∫
d4x (L [φ] + Jφ)

]
(3)

with respect to J(x) produces correlation functions. But, the result that we get from
this generating functional is not free of disconnected diagrams. In this problem we will
formulate the generating functional of connected correlation functions which we define as

E [J ] = logZ [J ] (4)
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(a) First derivative

Compute

δ

δJ(x)
E [J ] (5)

and argue that it gives you,

δ

δJ(x)
E [J ] = i 〈Ω|φ(x) |Ω〉J (6)

(b) Second derivative

Now we define,

〈Ω|φ(x) |Ω〉J ≡ 〈φ(x)〉 (7)

Compute

δ2E[J ]

δJ(x)δJ(y)
(8)

You will have two terms. Take your time and stare at these two terms and argue that
what you have computed is

δ2E[J ]

δJ(x)δJ(y)
= −〈φ(x)φ(y)〉conn (9)

where the expectation on the right hand side is called as connected correlator.

(c) Third derivative

Sketch how the computation of

δ3E[J ]

δJ(x)δJ(y)δJ(z)
(10)

would look like and argue that what you get is

δ3E[J ]

δJ(x)δJ(y)δJ(z)
= −i 〈φ(x)φ(y)φ(z)〉conn (11)

(d) Generalized verison

Generalize what you have seen and write down the RHS of the following equation,

δnE[J ]

δJ(x1) · · · δJ(xn)
= (12)

This answer convince you that the object E [J ] indeed is a generating function for con-
nected correlation functions.

2



Quantum Field Theory 2 – Exercise sheet 5
Lecturer: Robert Ziegler
Obertutor: Rohan Kulkarni

Institut für Theoretische Physik, Uni Heidelberg Due date: 28/ 29 May 24

The career of a young theoretical physicist consists of treating the harmonic oscil-
lator in ever-increasing levels of abstraction.

- Sidney Coleman (1937-2007)

Problem 5.1 : Renormalization of the one-loop effective action in φ4

theory [10 points]
Problem statement

The one-loop effective action for φ4 theory is given by

Veff(φ) = V0(φ) +
1

2

∫
d4pE
(2π)4

log
[
p2E +m2

eff

]
, (1)

where pE denotes the Euclidean 4-momentum, meff and the tree-level action is given by,

V0(φ) =
1

2
m2

0φ
2 +

λ0

4!
φ4 + C0 (2)

Counterterms are defined by ,

m2
0 = m2(1 + δm), λ0 = λ(1 + δλ), C0 = C(1 + δC). (3)

NOTE: Ideally we want all of you to use Mathematica to solve ALL parts of
this problem

(a) Momentum integral with UV cutoff

Carry out the momentum integral with a UV cutoff p2E ≤ Λ2, with Λ2 � m2
eff to give

you,

1

2

∫
d4pE
(2π)4

log
[
p2E +m2

eff

]
=

1

16π2

[
−Λ4

8
+

m2
effΛ

2

4
+

1

4
Λ4 log

(
Λ2

)
+

1

4
m4

eff log

(
m2

eff
Λ2

)]
(4)

Hint: Recall the identity∫
d4kE
(2π)4

f(k2
E) =

1

8π2

∫ ∞

0

dkEk
3
Ef(k

2
E) (5)
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(b) Renormalization conditions and counterterms

Impose the following renormalization conditions,

Veff(φ = 0) = C, V
′′

eff(φ = 0) = m2, V
′′′′

eff (φ = µ) = λ, (6)

and determine the three counterterms at one loop accuracy.

(c) Plug in counterterms

Plug the counterterms back into the effective action and show that it is of the form (which
is finite in the limit of Λ → ∞

Veff(φ)− V (φ) =
1

64π2

(
m2 +

λ

2
φ2

)2

log

(
1 +

λφ2

2m2

)
− 1

64π2

(
λ

2
m2φ2 +

3

8
λ2φ4

)
+ c

λ2

4!
φ4,

(7)

where V (0) is define analogously to V0(φ) with m0 → m, λ0 → λ, C0 → C. The lowercase
c in the expression depends on λ and µ2

m2 .
At the end, determine c and verify that it satisfies c → 0 for µ → 0 or equivalently
m → ∞)

(d) Final check

Show that Veff(φ) → V (φ) for m → ∞

Problem 5.2. Functional determinants in complex φ4 theory [10 points]

Problem statement

Consider the Euclidean action,

S[ϕ, ϕ] =

∫
d4xEϕ

[
−∂2

E +m2
]
ϕ+

λ

4
(ϕϕ)2 (8)

which gives rise to the one-loop effective action,

Γ1−loop(φ, φ) = − ln

∫
DϕDϕ exp

(
−
∫

d4xEϕ(x)S
′′
[φ, φ](x, x)ϕ(x)

)
,

= ln detS
′′
[φ, φ]

(9)

which is formally given by the functional determinant of the operator,

S ′′[φ, φ](x, y) ≡ δ2S[φ, φ]

δφ(x)δφ(y)
, (10)

(a)

Express the one-loop effective action in terms of an infinite sum of Feynman diagrams,
by directly calculating the path integral in perturbation theory around the free action
(i.e., as it would be a theory with an interaction vertex (φ̄φϕ̄ϕ))
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(b)

Calculate the diagrams in terms of the free propagator G(x, y) = (−∂2
E+m2)−1 and show

that the effective action is given by (upto a φ-independent constant)

Γ1−loop(φ, φ) = −
∞∑
n=1

(−λ)n

n
tr
(
Gφφ

)n (11)

where the trace is defined as

tr
(
Gφφ

)n
=

∫
d4x1 . . . d

4xn

[
G(x1, x2)φ(x2)φ(x2) . . . G(xn, x1)φ(x1)φ(x1)

]
. (12)

(c)

Show that this result agrees with the formal definition of the functional determinant upto
a constant, i.e.

Γ1−loop(φ, φ) = ln detS ′′[φ, φ] =
∞∑
n=1

1

n
tr ln

(
1 + λGφφ

)
+ constant. (13)
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Even before the advent of quantum mechanics, the properties of such numbers had
already been examined by Hermann Grassmann. Although Grassmann’s work was
largely neglected during most of his life, the anticommuting numbers he invented
are now known as Grassmann numbers. These numbers allow us to write down a
coherent state for fermions and will allow us to write a path integral for fermions.
The latter will be useful in our description of the quantum field of the electron.

- QFT for the gifted amatuer, Lancaster and Blundell (2014)

Problem 6.1 : Grassmannology [10 points]
Problem statement

Consider a quadratic form θTMθ = θiMijθj where θi are Grassmann numbers and M
is a an anti-symmetric n × n matrix of commuting numbers (possibly complex). Then
consider the Gaussian integral∫

dθ1 . . . dθn exp

(
−1

2
θTMθ

)
, (1)

where we take n even for simplicity.

(a)

Calculate the integral for n = 2.

(b)

Calculate the integral in a convenient basis, using the fact that every complex antisym-
metric matrix can be brought to block-diagonal form via a unitary transformation V
according to

V TMV =

 0 +m1

−m1 0
. . .

 (2)

where V is a unitary matrix, and each mi is real and positive. Remember that for a
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general change of fermionic variables θi = Uijθ
′
j one has∫

dθ1 . . . dθnX =
1

detU

∫
dθ′1 . . . dθ

′
nX . (3)

Problem 6.2 : Feynman rules of a Yukawa theory [10 points]

Problem Statement

Consider the theory of a real scalar interacting with a Dirac fermion given by the following
Lagrangian density,

L =
1

2
∂µφ∂

µφ− 1

2
m2
φφ

2 + ψ̄(i/∂ −mψ)ψ + yφψ̄ψ (4)

(a)

Use functional methods (similar to the ones used in in problem 4.1 of our assignments)
to derive the Feynman rules for the propagators and vertices involving the fermionic and
scalar particles.

(b)

Additionally, draw the Feynman diagrams associated with one and two-loop corrections
to propagators and vertices.

(c)

Use the previous results to determine the relative sign of the two tree-level amplitudes
contributing to ψψ → ψψ scattering. What is the physical interpretation of this result?
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Lecturer: Robert Ziegler
Obertutor: Rohan Kulkarni

Institut für Theoretische Physik, Uni Heidelberg Due date: 11/ 12 June 24

I have an equation, do you have one too?
- Paul Dirac (1902–1984), on meeting Richard Feynman

Problem 7.1 : Furry’s theorem [14 points]
Problem statement

There is a theorem called Furry’s theorem which states that,

〈Ω|T{Aµ1(q1) . . . Aµn(qn)} |Ω〉 = 0 (1)

for n odd. This is a consequence of invariance under the charge conjugation operation C.

(a)

Show that, in order for the action

S =

∫
d4x ψ̄γµ(∂µ − ieAµ)ψ, (2)

to be invariant under charge conjugation

C : ψ → −iγ2ψ∗, C : ψ∗ → −iγ2ψ, (3)

we need the photon field Aµ to be odd under charge conjugation

C : Aµ → −Aµ (4)

Hint : The identity γ2γµγ2 = (γµ)∗ will come in handy. Also, remember you are allowed
to assume the integrate by parts to neglect boundary terms if needed.
Resource: This is a fantastic resource to keep open while trying to solve this https:
//sites.ualberta.ca/~gingrich/courses/phys512/node64.html

(b)

Prove Furry’s theorem i.e. eq.(1) in QED using path integral formulation .
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Hint : You have already proved the action is invariant under charge conjugation transfor-
mation. You are allowed to assume that the measure is invariant under charge conjugation
(If it were not invariant, it would open a can of worms closely related to anomalies). You
will require just these two facts to prove the theorem.

(c)

Does Furry’s theorem hold if the photons are off-shell or just on-shell?

(d)

Draw the 1-loop diagrams for Compton scattering in QED. Which of the diagrams must
vanish or cancel by Furry’s theorem?

Problem 7.2 : Anticommutation [6 points]

Problem statement

Since Grassmann numbers anticommute, θ1θ2θ1θ2 = 0. But then,

i. Why does a term like ψ̄(x)ψ(x)ψ̄(x)ψ(x) not automatically vanish?

ii. What about (ψ̄ψ)5, does it vanish? Explain your answer.
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Lecturer: Robert Ziegler
Obertutor: Rohan Kulkarni
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The universe is an enormous direct product of representations of symmetry groups.
- Steven Weinberg (1933–2021).

Problem 8.1 : QED gauge invariance [6 points]

Problem statement

By adding a gauge fixing term − 1
2ξ
(∂µA

µ)2 to the QED Lagrangian, you keep the corre-
lation functions of gauge invariant operators unchanged.

(a) Instead if I add a term −1
ξ
(∂µA

µ)4, would the above statement still be true?

(b) What about if I add ξA2
µ?

Problem 8.2 : Gauge invariance of scalar SU(2) Yang-Mills Theory
[14 points]

(a) Covariant derivative transforms just like the field

Check that Dµ
~φ,

Dµ
~φ = ∂µ~φ− igAa

µτ
a~φ, (1)

transforms the same way as ~φ transforms under infinitesimal SU(2) gauge transformation,
given by

~φ(x) → ~φ(x) + iαa(x)τa~φ(x) (2)

where τa are the SU(2) generators given by Pauli matrices, τa = σa/2, provided the
gauge field Aµ transforms as,

Aa
µ(x) → Aa

µ(x) +
1

g
∂µα

a(x)− εabcαb(x)Ac
µ(x). (3)

Hint : You might want to use the commutator relation [τa, τ b] = iεabcτ c, where εabc is the
totally antisymmetric Levi-Civita tensor with ε123 = 1
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(b) Gauge transformation of non-abelian field strength

Check that F a
µν transforms as

F a
µν → F a

µν − εabcαbF c
µν (4)

under infinitesimal SU(2) gauge transformations.
Hint: You might want to use Jacobi identity εabdεdce + εbcdεdae + εcadεdbe = 0.

(c) Gauge invariance of the SU(2) Yang-Mills Lagrangian

Use these results from the first two parts of this problem to show that,

L = (Dµ
~φ)†Dµ

~φ− 1

4

∑
a=1,2,3

F a
µν(F

µν)a (5)

is invariant under infinitesimal SU(2) gauge transformations.
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Lecturer: Robert Ziegler
Obertutor: Rohan Kulkarni

Institut für Theoretische Physik, Uni Heidelberg Due date: 25/ 26 June 24

Einstein’s theory of General Relativity has a mathematical structure very similar
to Yang-Mills theory.

- Chen-Ning Yang (1922 – )

Problem 9.1 : Noether current in Yang-Mills theory [10 points]

Problem statement

Consider the Yang-Mills Lagrangian given by,

L = −1

4

(
F a
µν

)2
+ ψ̄ (iγµDµ)ψ −mψ̄ψ (1)

where Dµ = ∂µ − igAµ and Aµ ≡ Aa
µT

a.

The equations of motion are,

∂µF
a
µν + gfabcAb

µF
c
µν = −gψ̄iγνT

a
ijψj (2)

(i/∂ −m)ψi = −g /Aa
T a
ijψj. (3)

We know L has a SU(N) gauge symmetry (we studied this for SU(2) in the previous
exercise sheet). Because of this, it also has a global symmetry under the following trans-
formations (for infinitesimal α),

ψi → ψi + iαaT a
ijψj (4)

Aa
µ → Aa

µ − fabcαbAc
µ (5)

(a) Deriving Noether current for Yang-Mills theory

Using Noether’s theorem, show that the conserved current is given by,

Ja
µ = −ψ̄iγµT

a
ijψj + fabcAb

νF
c
µν (6)

Hint:

Jµ =
∑
n

∂L
∂(∂µφn)

δφn

δα
. (7)
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where φn can take both the matter fields ψi, ψi and the gauge fields Aa
µ. Here δφ = φ′−φ

denotes the change of the field under an infinitesimal symmetry transformation.

(b) Showing Noether current is conserved in Yang-Mills theory

Show that the current is conserved on the equations of motion,

∂µJ
a
µ = 0 (8)

Problem 9.2 : θ term in SU(N) Yang-Mills theory
[10 points]

Problem statement

Consider the gauge-invariant dimension-4 “θ-term” in SU(N) Yang-Mills theory

Lθ = θ εµναβF a
µνF

a
αβ , (9)

with the non-abelian field strength F a
µν = ∂µA

a
ν − ∂νA

a
µ + gfabcAb

µA
c
ν where fabc are the

SU(N) structure constants, and εµνρσ denotes the totally anti-symmetric Levi-Civita
tensor with ε0123 = 1.

Show that this term can be written as a total derivative, i.e.

Lθ = θ ∂µK
µ (10)

with the so-called Chern-Simons current

Kµ = 2 εµναβ
(
Aa

νF
a
αβ −

g

3
fabcAa

νA
b
αA

c
β

)
. (11)

This implies that the θ-term has no observable effects on the level of perturbation
theory. However, it can give rise to non-perturbative effects, for example induce an
electron dipole moment of the neutron within the Standard Model, which gives rise to
the so-called Strong CP Problem.

Hint: In order to avoid index clutter you may want to switch to matrix notation, i.e. write
Aµ = Aa

µT
a and Fµν = F a

µνT
a = ∂µAν−∂νAµ−ig[Aµ, Aν ] with SU(N) generators T a in the

fundamental representation. Using tr(T aT b) = 1
2
δab in the fundamental representation,

the θ-term can be written in this notation as Lθ = 2θ εµναβ tr(FµνFαβ). In a similar way
one can write the Chern-Simons current as a trace of some suitable matrix expression.
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Nobody ever reads a paper in which someone has done an experiment involving
photons with the footnote that says ‘this experiment was done in Coulomb gauge’.

- Sidney Coleman (1937 – 2007)

Problem 10.1 : Feynman rules for QCD vertices in Lorenz gauge [10p]

Problem statement

For the QCD Lagrangian in Lorenz gauge i.e. G[A] = ∂µA
a
µ,

L =− 1

4

(
F a
µν

)2 − 1

2ξ

(
∂µA

a
µ

)2
+ (∂µc̄

a)
(
δac∂µ + gfabcAb

µ

)
cc

+ ψ̄i

(
δiji/∂ + g /A

a
T a
ij −mδij

)
ψj (1)

where,

F a
µν =∂µA

a
ν − ∂νA

a
µ + gfabcAb

µA
c
ν (2)

Derive the Feynman rules for the following vertices using functional derivatives:

(a) Quark-Quark-Gluon

(b) Gluon-Gluon-Gluon

(c) Ghost-Ghost-Gluon

Hint: Take all the momenta flowing into the vertex. This means that the derivative
∂µ acting on a gluon with in-flowing momentum p and polarization εν acts the part of
the field proportional to Aν ∼ ενe

−ipxap, as in the vertex a gluon with momentum p is
annihilated. Thus the derivative simply gives a factor −ipµ in the vertex Feynman rule.
For out-flowing momenta one would find the opposite sign.
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Problem 10.2 : Feynman rules for QCD in Axial gauge [10p]

Problem statement

Axial gauges are defined by the gauge condition G [A] = rµA
a
µ where rµ is an arbitrary

4-tuple. For example, rµ = (1, 0, 0, 0) gives the condition Aa
0 = 0 in the limit of ξ → 0,

which is the axial gauge in electromagnetism. When rµ is light-like, i.e. r2 = 0, this is
called the light cone gauge.

(a) Calculate the resulting gauge-fixing and ghost terms in the Lagrangian for a general
axial gauge.

(b) Show that the resulting gluon propagator is given by,

iΠµνab
axial =

i

p2 + iε

[
−gµν + rµpν + rνpµ

rp
− (r2 + ξp2)pµpν

(rp)2

]
δab (3)

(c) Show that this propagator satisfies pµΠµν = 0 for onshell pµ and rµΠµν = 0 for
ξ = 0

(d) Calculate the ghost-ghost-gluon vertex and show that ghosts decouple for ξ = 0

2
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The mathematics clearly called for a set of underlying elementary objects. At that
time we needed three types of them elementary objects that could be combined
three at a time in different ways to make all the heavy particles we knew. I needed
a name for them and called them quarks, after the taunting cry of the gulls, “Three
quarks for Muster mark,” from Finnegan’s Wake by the Irish writer James Joyce.

- Murray Gell-Mann (1929 – 2019) on choosing the term ‘quark’

Problem 11.1 : Nilpotency of BRST transformations [10p]

Problem statement

Prove that the BRST variation of the BRST variation of the gauge field vanishes, i.e.

δB(δBA
a
µ) = 0. (1)

Recall the following relations,

δBA
a
µ(x) ≡ Dab

µ c
b(x) = ∂µc

a(x)− gfabcAc
µ(x)c

b(x) (2)

δBc
c(x) = −1

2
gfabcca(x)cb(x) (3)

Hint: Remember that δB is fermionic.

Problem 11.2 : Gauge Transformations and BRST Cohomology [10p]
Problem statement

The creation operator for transversal photon can be written as,

a†i (
~k) =

i√
2ω~k

εµi (
~k)

∫
d3xe−ikx

←→
∂0 Aµ(x) (4)

where index i ∈ {1, 2} and ω~k = |~k|.
Consider the state a†i |ψ〉, where |ψ〉 is in the BRST cohomology. Define a gauge-
transformed polarization vector,

ε̃µi (
~k) = εµi (

~k) + ckµ (5)

1



where c is a constant, and a corresponding creation operator ã†i (~k). Show that,

ã†i |ψ〉 = a†i (k) |ψ〉+QB |χ〉 (6)

which implies that ã†i (~k) |ψ〉 and a†i (~k) |ψ〉 represent the same element of the cohomology,
and hence are physically equivalent. Find the state |χ〉.
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It turns out that the obvious generalization of this idiotically simple manipulation
gets rid of all of the infinities for any field theory with polynomial interactions, to
any order in perturbation theory.

- Sidney Coleman (1937–2007) on renormalization

Problem 12 : Gauge boson self-energy in non-Abelian gauge theory [20p]

Problem statement

Consider a non-Abelian gauge theory described by a Yang-Mills Lagrangian with nf

fermions.
The aim of the present problem is to calculate the g2 contribution to the gauge-boson
self-energy and to show explicitly that, in agreement with gauge invariance, it is
transverse with respect to the gauge-boson incoming four-momentum. In order to eval-
uate the Feynman amplitudes, employ dimensional regularization in d = 4−ε dimensions.

Note : You are expected to do all the computations in Feynman gauge ξ → 1. Ambitious
people may attempt it for an arbitrary ξ.

(a)

Draw the relevant Feynman diagrams contributing to the gauge-boson self-energy to
order g2. Assume that the external gauge-boson legs are characterized by the gauge- and
Lorentz- indices a, µ and b, ν respectively, and by the four-momentum pα.

(b)

Use the known results from QED to evaluate the contribution to the fermion loop. Appro-
priately isolate the divergent term of the corresponding amplitude. Is this contribution
transverse with respect to the four momentum pµ, i.e., is it proportional to p2gµν − pµpν?

(c)

Compute two diagrams contributing to the self-energy that involves only gauge bosons.
Remark : Although the so-called seagull diagram involving the four-gluon vertex can be
shown to formally vanish in four-dimensions, it is convenient to artificially include its

1



contribution. Its evaluation involves the integral
∫
ddkk−2, which can be easily taken

by multiplying and dividing the integrate by (p + k)2 and by using the same technique
employed to evaluate the other amplitude involving virtual gauge-bosons.

(d)

Verify explicitly that the sum of the contributions considered so far has two problems :

(a) It features a quadratic divergence, i.e., a divergence for d = 2 in the language of
dimensional regularization

(b) It is not transverse with respect to the external gauge-boson four-momentum

(e)

Compute the contribution due to the ghost fields and show explicitly that it fixes both
problems in (d).

Hint : Use the identity,∫ 1

0

dx xf(x(1− x)) =

∫ 1

0

dx(1− x)f(x(1− x)), (1)

which implies that,∫ 1

0

dx xf(x(1− x)) =

∫ 1

0

dx
1

2
(x+ 1− x)f(x(1− x)) =

1

2

∫ 1

0

dxf(x(1− x)) (2)

for an arbitrary function f to simplify the Lorentz tensor structure of this contribution.
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Feynman rules for QCD

ν, b µ, a

p

=
−iδab

p2 + iε

(
gµν − (1− ξ)

pµpν

p2

)
(3)

j i

p

=
i

/p−m+ iε
δij (4)

b a

p

=
iδab

p2
(5)

a, µ

j i

= igγµT a
ij (6)

a, µ

b, ν c, ρ

k
p

q

= gfabc [gµν(k − p)ρ + gνρ(p− q)µ + gρµ(q − k)ν ] (7)

b, νa, µ

c, ρ d, σ

=
−ig2[fabef cde(gµρgνσ − gµσgνρ) + facef bde(gµνgρσ − gµσgνρ)

+fadef bce(gµνgρσ − gµρgνσ)]

(8)

b, µ

c a

p = −gfabcpµ (9)
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Loop integrals and Dimensional Regularization

1

AB
=

1∫
0

dx
1

[xA+ (1− x)B]2
. (10)

∫
ddk

(2π)d
1

(k2 −∆)n
=

(−1)ni

(4π)d/2
Γ(n− d

2
)

Γ(n)

(
1

∆

)n− d
2

(11)

∫
ddk

(2π)d
k2

(k2 −∆)n
=

(−1)n−1i

(4π)d/2
d

2

Γ(n− d
2
− 1)

Γ(n)

( 1

∆

)n− d
2
−1

(12)

∫
ddk

(2π)d
kµkν

(k2 −∆)n
=

(−1)n−1i

(4π)d/2
gµν

2

Γ(n− d
2
− 1)

Γ(n)

( 1

∆

)n− d
2
−1

(13)

Γ(2− d
2
)

(4π)d/2

( 1

∆

)2− d
2
=

1

(4π)2

(2
ε
− log∆− γ + log(4π) +O(ε)

)
(14)

gµνgµν = δµµ = d (15)
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Problem 1 : BRST symmetry [10p]

Consider the action of a non-Abelian gauge theory including the gauge-fixing term and
ghost terms via the Faddeev-Popov method,

S =

∫
x

{
−1

4
(F a

µν)
2 − 1

2ξ
(∂µA

a
µ)

2 + ψ̄(iγµDµ −m)ψ + ∂µc̄
aDab

µ c
b

}
, (1)

with Dµ = ∂µ − igAµ and Dab
µ c

b = ∂µc
a + gfabcAb

µc
c.

(a) Show that the above action is equivalent to

S =

∫
x

{
−1

4
(F a

µν)
2 + ψ̄(iγµDµ −m)ψ +

ξ

2
BaBa +Ba∂µA

a
µ + c̄a∂µD

ac
µ c

c

}
(2)

upon employing the equation of motion for the Nakanishi-Lautrup field Ba.

(b) Demonstrate that the Dirac action,

SD

[
ψ, ψ̄, A

]
=

∫
x

ψ̄ (iγµDµ −m)ψ (3)

is invariant under a BRST transformation

δBA
a
µ = Dac

µ c
c, δBc

a = −1

2
gfabccbcc (4)

δBc̄
a = Ba, δBB

a = 0, δBψi = igcaT a
ijψj (5)

Problem 2 : Non-linear gauge fixing [10p]

Consider the action for pure electrodynamics

SED =

∫
x

[
−1

4
FµνF

µν

]
(6)

Write down the gauge fixed and ghost Lagrangian using the Faddeev-Popov method for

1



the non-linear gauge,

G [A] = ∂µAµ +
1

2
η(Aµ)

2 (7)

(a) Invert the kinetic operators that appear in the action to find the propagators for
the photon field and for the ghost field.

(b) Is the ghost field decoupled in this gauge?

Hint :

Sgauge-fixing = −
∫
x

1

2ξ
G[A]G[A] (8)

Sghost =

∫
x,y

c̄(x)M(x, y)c(y) (9)

with M(x, y) = ∂µ,y
δG[A(x)]

δAµ(y)
(10)

Problem 3 : Grassmann integrals [5p]

Calculate the following integrals for Grassmann variables θi, i = 1, 2, 3 in terms of the
elements of the 3× 3 matrix M :∫

(dθ1dθ2dθ3) exp
− 1

2

∑
i,j θiMijθj (11)∫

(dθ1dθ2dθ3) θ1 exp
− 1

2

∑
i,j θiMijθj (12)

where the sums run over all indices, i.e. i, j = 1, 2, 3.

Problem 4 : Simplifying SU(N) Generator Commutators [5p]

Simplify the expression ∑
a

[T aT a, T b] (13)

for generators T a in the adjoint representation of an SU(N) group, i.e. (T a)bc = −ifabc

with fabc being the structure constants.

Problem 5 : Gauge-Scalar Interactions in SU(N) Yang-Mills Theory [5p]

Construct the Lagrangian for scalar-gauge boson couplings for a complex scalar field in
the fundamental representation by starting from the free scalar kinetic Lagrangian and
requiring invariance under local SU(N) transformations.
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Problem 6 : Short answers [5p]

(a) Explain why one has to add gauge-fixing terms in order to quantize YM theories

(b) What is the generating functional of 1PI diagrams?

(c) What is the significance of the Dyson-Schwinger equations and their relation to the
classical equations of motion?
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