
KLAUSUR (EXAM)

Answer all questions 0)-3).
• Put your name on each sheet submitted.
• Illegible scripts might be ignored.
• The duration of the exam is 180 mins.
• Indicate clearly which question (and part) your respective solution is referring to.

1 9* Definitions/formulas:
a) Define the grand canonical ensemble in quantum mechanics.
b) State the first law of thermodynamics in terms of E,S,T,u,N,P,V.
c) Define the efficiency of general cyclic process (closed curve y in (T, S)-diagram).

Consider the following cyclic process in the (P,V)-diagram:
• I - 11: Isothermal (constant T) expansion.
• I1 - 111: Adiabatic expansion.
• I1I IV: Isobaric (constant P) compression.
• IV 1: Adiabatic compression.

You can assume the equations of state of an ideal gas,

(1)

a) Sketch the process in a (P,V)-diagram, and identify where heat is injected/given off by the
system.

b) What is the work AW performed by the system in one cycle?
c) What is the heat AQin injected into the system in one cycle?
d)y What is theefficiency? Anarchy

State your answers in b), c), d) in terms of the temperatures Tr,..., Trv and v = V/V.

24 Recall that the energy eigenstates In) of a single harmonic oscillator have energy En = E(n + 5),
where n = 0,1,2,....

a) Calculate the canonical partition function for one oscillator Z1(B) = Ene-SEn.
b) Calculate the canonical partition function Zv(B) for a system of N independent harmonic

oscillators in terms of that found for the single oscillator.
c) Calculate the mean energy E.
d) The free energy is F=E-TS. Show that the first law takes the form

dF = -SdT + udN (2)

in terms of F (noting that dV = 0 in this question). Give a formula for the chemical potential
Il in terms of a derivative of F(T,N). Using the formula F(P,N) = -B-logZv(B) [where
B-1 = kBT], calculate y1 for the present system.

✓



h A systemhas N states occupied with probabilities pn, n = 1,...,N. The n-th state has energy En and
particle number n. The entropy is defined as S = -kB En Pnlog Pm, the average energy isU= 2n EnPns
and the average particle number is v = Ennpn. Using the method of Lagrange multipliers, determine
the probability distribution which maximizes for fixed U,v, and show that it is given by

Le-B(E,-un) (3)

for some B.u,Y.
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KLAUSUR (EXAM)

Answer all questions 0)-3).
• Put your name on each sheet submitted.

Illegible scripts might be ignored.
The duration of the exam is 180 mins.

Indicate clearly which question (and part) your respective solution is referring to.

0) Definitions/formulas:

a) Define the grand canonical ensemble in quantum mechanics.
b) State the first law of thermodynamics in terms of E,S,T,M,N,P.,V.
c) Define the efficiency of a general cyclic process (closed curve yin (T, S)-diagram).

1) Consider the following cyclic process in the (P,V)-diagram:

• 1 -11: Isothermal (constant T) expansion.
1I : 111: Adiabatic expansion.
• IlI -> IV: Isobaric (constant P) compression.

You can assume the equations of state of an ideal gas,

(1)

a) Sketch the process in a (P,V)-diagram, and identify where heat is injected/given off by the
system.

b) What is the work AW performedby the system in one cycle?
c) What is the heat Qin injected into the system in one cycle?
d) What is the efficiency?

State your answers in b),c),d) in terms of the temperatures Tr,..., Trv and v = V/V.

2) Recall that the energy eigenstates In) of a single harmonic oscillator have energy E,= E(n + 5),
where n = 0,1,2,....

a) Calculate the canonical partition function for one oscillator Z1 (P) = Ene"DEn
b) Calculate the canonical partition function ZN(B) for system of N independent harmonic
oscillators in terms of that found for the single oscillator.

c) Calculate the mean energy E.
d) The free energy is F = E - TS. Show that the first law takes the form

dF = -SdT + udN (2)

in terms of F (noting that dV - 0 in this question). Give a formula for the chemical potential
u in terms of a derivative of F(T,N). Using the formula F(B,N)= -B-logZ(6) [where
B-1 = kBT], calculate u for the present system.
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3) A system has N states occupied with probabilities pn, n=1,...,N. The n-th state has energy En and
particle number n. The entropy is defined as S : -kB En Pnlog Pn> the average energy isU = En Enpn,
and the average particle number is v= 2n npn. Using the method of Lagrange multipliers, determine
the probability distribution which maximizes $ for fixed U, v, and show that it is given by

Le-B(En-un) (3)

for someB.u,Y.



PROBEKLAUSUR (MOCK EXAM)

• You need at least 50 points to pass this exam
• Put your name on each sheet submitted.
• Illegible scripts might be ignored.
The duration of the exam is 180 mins.

• Indicate clearly which question (and part) your respective solution is referring to.

1) (25 points) Recall the first law of thermodynamics:

TdS = dE + PdV- udN (1)

a) State the "microscopic" (i.e. statistical mechanics-) definition of the entropy S in the context
of the classical micro canonical ensemble. State what it means for S to be an "extensive
quantity".

b) Derive the relations

aN aN P
(2)

from the first law (Hint: rewrite the first law in terms of the differentials dE,dV,dS.).
C Introduce the free energy by F = E - TS, viewed as a function of T,N,V. Write the first law
in terms of F instead of E.

d) Write the first law (1) as dS = Applying the exterior differential d to the resulting equation
and using d(dS) = 0, derive the relation

aT
= 0. (3)

(Hint: Keep in mind that dEdV : -dVdE.)

2) (25 points) Consider the following cyclic process:
• 1 -> II: Adiabatic (constant S) expansion
11 - 111: Isochoric (constant V) cooling
Ill - IV: Adiabatic (constant S) compression
IV 1: Isothermal (constant T) expansion

Throughout it is assumed that the particle number N remains constant (so that dN = 0 in the entire

process), and we assume that the equations of state of an ideal gashold:

(4)

a) Show that PV = cst. on isotherms and PV5/3 = cst. on adiabatics using the equation(s) of state
and the first law TaS = dE + PdV. (If you cannot do this, carry on with b) -e) assuming
these results.)

b) Sketch the process in a (P,V)-diagram, and identify where heat is injected/given off by the
system.

c) What is the work AW performed by the system in one cycle?
d) What is the heat AQin injected into the system in one cycle?
e) What is the efficiency n=
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State your answers inc) -e) in terms of N,Ti, Vi,V(=Vm),Viv.

points) We consider a gas of charged particles of unit charge ‡q. The eigenstates of the
charge operator Q and Hamiltonian H are ln+,n_) with

Hln+,n-) = En.n In4.n-) , Qn+,n_) = q(n+-n_)ln+,n-), (5)

where n+,n.≥ 0 are integers that have the interpretation of the number of positively resp. negatively
charged particles in the state. We consider a density matrix of the form

(6)

where Tro = 1 is required as usual, and where expectation values are defined as usual by (A) =
Tr(Ap). The information entropy is defined by S(p) = -kgTrp log p, the mean energy by E= (A)
and the mean charge by Q = (Q).

a) Using the method of Lagrange multipliers, show that the density matrix which maximizes
S(p) for fixed E, Q is of the form pno.n_ : exp(-f[En+.n_ + pq(7+- n-)1), or equivalently
P = pexpl-B(H+6Q)]. (Here B, p,Y are constants.)

b) Define G = -kBTlogY(T,$), where B-1 kBT. Using Y = Trexpl-(H -4Q)/(kBT)],
show that

(7)

where S, Q are defined as above.
c For a charged gas at fixed volume, the first law of thermodynamics is TdS=dE-dQ. What
is the physical meaning of ? Show that if we define G=E-TS-PQ, then G

-SaT

(d) Verify the relations (7) using dG = -SdT- Odo.

A) (25 points) A directed polymer consists of atoms i = 0,1,2,...,N at positions (ri,vi) € Z of a
square lattice. The atom at the origin is fixed he position xo and the other atoms are

chained together such that x; -*;-1=_1 and ly;- y;-1 This polymer is hence oriented in the
x-direction and it does not self-intersect.

Determine the total number of micro-states of the polymer.
b Determine the number of microstates W(y) having the property thatyy = y. Hint: Write y in
terms of o; = yi-yi-1 € {‡1}, where = 1, ...,N, and then in terms of the number v of +1's
in {o;}.

c) Calculate the typical deflection of the chain end,

(8)

Hint: Consider the partition function of the canonical ensemble Z(B) = Eyeby W(y). Write
(N) in terms of B-derivative(s) of Z(B).
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PROBEKLAUSUR (MOCK EXAM) 16/17
• You need at least 50 points to pass this exam
• Put your name on each sheet submitted.
• Illegible scripts might be ignored.
The duration of the exam is 180 mins.

Indicate clearly whichquestion (and part) your respective solution is referring to.

1) (25 points) Recall the first law of thermodynamics:
TdS = dE + PdV - udN (1)

a) State the "microscopic" (i.e. statistical mechanics-) definition of the entropy S in the context
of the classical micro canonical ensemble. State what it means for S to be an "extensive

quantity".
b) Derive the relations

aN aN
(2)

from the first law (Hint: rewrite the first law in terms of the differentials dE,dV,dS.).
Introduce the free energy by F=E - TS, viewed as a function of T,N,V. Write the first law
in terms of F instead of E.

d) Write the first law (1) as dS = . Applying the exterior differential d to the resulting equation
and using d(ds) = 0, derive the relation

= 0 (3)

(Hint: Keep in mind that dEdV = -dVdE.)

2) (25 points) Consider the following cyclic process:
• I > 11: Adiabatic (constant S) expansion
• II > IlI: Isochoric (constant V) cooling
• 11I IV: Adiabatic (constant S) compression
• IV > I: Isothermal (constant T) expansion

Throughout it is assumed that the particle number N remains constant (so that dN0 in the entire
process), and we assume that the equations of state of an ideal gas hold:

(4)

a) Show that PV = cst. on isotherms and PV5/3 = cst. on adiabatics using the equation(s) of state
and the first law TdS = dE + PdV. (If you cannot do this, carry on with b) - e) assuming
these results.)

b) Sketch the process in a (P,V)-diagram, and identify where heat is injected/given off by the
system.

c) What is the work AW performed by the system in one cycle? Mt of tottred
d) What is the heat AQin injected into the system in one cycle?
e) What is the efficiency n =AW?



State your answers in c) - e) in terms of N, Ti, Vi,V(= V1),Viv.

(25 points) We consider a gas of charged particles of unit charge ‡q. The eigenstates of the charge
operator Q and Hamiltonian A are 7+,n-) with

(5)

where n+,n_ > 0 are integers that have the interpretation of the number of positively resp. negatively
charged particles in the state. We consider a density matrix of the form

(6)

where Tro = is required as usual, and where expectation values are defined as usual by (A) =
Tr(Ap). The information entropy is defined
and the mean charge by Q = (@).

by S(p) = -kp Trp logp, the mean energy by E = (H)

Using the method of Lagrange multipliers, show that the density matrix which maximizes
S(p) for fixed E, Q is of the form pre.n. = y exp(-B[En.n. + Oq(n+-n_)1), or equivalently
p = expl-B(H + PQ)]. (HereB,O,Y are constants.)

by Define G= -kBTlogY(T,$) where B-1 = kBT.
show that

Using Y = Trexp[-(H + 2O /(kBT)],

S:

where S, Q are defined as above.
c) For a charged gas at fixed volume, the first law of thermodynamics TdS=dE-odQ. What
is the physical meaning of p? Show that if we define G= E - TS- $Q, then
satisfies dG = -SdT - Qd4.

G = G(T,O)

(d) Verify the relations (7) using dG = -SdT - Qdd.

4) (25 points) The Hamiltonian of : gas of N classical, relativistic particles moving in one dimension

N

H(ql,...,qN,PI,.-.,PN) = E{clpil+u(q)}. (8)

Here (p1.....p) are the momenta of the particles, and (q1,...,qN) the positions (i.e. qi, Pi € R for
all i = 1,...,N). The potential U(q) is =Difq€ O,L and =∞ otherwise and effectively restricts the
particles to the interval [o,L).
a) The micro-canonical partition function for distinguishable particles is

W(E,L,N) =h dqi...dqwdp1...dpv. (9)

Perform first the qi-integrals.
b) Next, perform the pi-integrals assuming that AE is small compared to E. You may use that

the volume of layer of thickness & < R surrounding the surface of an /-dimensional hyper-
pyramid (the set defined by x; ≥ 0, LM1x≤ R) is given by ~ 8 • VNRV-1/(N- 1)!. Do not
forget to take into account that each pi can be negative or positive!

c) How does the partition function W have to be modified if the particles are indistinguishable?



d) Compute the entropy S = kB logW the micro canonical ensemble for indistinguishable par-
ticles, and verify that

S(E,L,N) = NkB log (10)

up to subleading terms in the large N limit. (Hint: Use Stirling's approximation N! ~ Ne™~.)
Use the result of item 2d) and the first law of thermodynamics toderive

(11)

for the pressure. (Hint: First derive P = T AS/ALIEN.)
f) Similarly, derive the relation 1/T = NkB/E.
g) Argue that the probability density P(p) for finding a particle with momentum p is given by

P(p)=
W(E-clpI.L,N-1) (12)

W(E,L,N)
(Hint: If oneparticle has momentum p, what is the energy left for the remaining particles?)
From this, derive

P(p) ~ ; (13)

(Hint: Use the relation (1+a/N)" . ea for large N, and the relation between E and T derived
before. For W. use the result of question 2d))


