TP5: Statistical Mechanics important problems (©Rohan Kulkarni

Problem : Statistical mechanics of quantum harmonic oscillator/s

Recall that the energy eigenstates |n) of a single harmonic oscillator have the energy
E,=¢(n+3) wheren=1,2,...

Problem (a)

Calculate the canonical partition function for one harmonic oscillator Z;(8) =
Doy €PF
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Use the definition for E, in Z;,
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Remark : Geometric series
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Comparing our Geometric series with the one in the remark we have
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Z\} exp{—LBe} | = =7 1— exp{—Be} .
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We know that our |[r] <1ase>0and 8 >0

Plugging in the geometric series in our solution we get

196} 1
Zl(ﬁ):eXp{_z}'l—exp{—,Be} (2)




TP5: Statistical Mechanics important problems (©Rohan Kulkarni

Problem (b)

Calculate the canonical partition function Zy(3) for a system of N independent harmonic
oscillators in terms of that found for the single harmonic oscillator.

Solution

(Not sure if this is all that is needed for explanation, but the answer is correct)
For N independent (keyword) harmonic oscillators, our partition function can be defined
as

Z,8) = Z:1222Z5... Z, = || Z
i=1

We do have n independent harmonic oscillators, hence,

wo{-4)

1 — exp{—Be}

n

Problem (c)

Calculate the mean energy E

Solution
Let us start by the definition of the mean energy E,

oln ZN
oB

Rewrite our Zy into a more convenient format using hyperbolic functions to prepare it for
differentiation with respect to B and also makes it easier for interpretation/graphing.

(En) = — (4)

—N

1-— exp —,66

Zw(B) = {&}
-y
Recall that
sinh x = exp(x) — exp(—x) _ 1 — exp(—2x)
2 2 exp(—x)
2 .sinhx = M
exp(—x)

where we get the last equality by multiplying+dividing with exp(—x)

Sustitute £ = % in Zy, so we get a sinh equation
5 __(1—emﬂ—2®>_N
" exp (—£)

We can easily see that this equation is the in the same form as the 2 sinh x equation from
above.
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Hence we can write,

—N
Zy=(2-sinh&)™" = (2 -sinh B;)

All that is left, is doing the differentiation as in the definition of (Ey),

= —g5{n (-5 %) |
g ))
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-y (5 (%)
- == () ()
-(5) ot - (Frem(%))

(NOT arctan / tan™!)

P.S: cotx =

tan
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Problem (d)

eThe free energy is F = E — TS. Show that the first law of thermodynamics takes the
form

dF = —SdT + pdN (5)

in terms of F. (Noting that dV = 0 in this question).

oGive a formula for the chemical potential w in terms of a derivative of F(T, N).

e Using the formula F(B,N) = —B tlog Zy(B), calculate u for the present system.
(Where 8 = 217 )

Given: F=E-TS
Taking differential of the above given equation (one forms to be more precise)

dF = dE —d(TS) = dE — SAT — TdS (%)

Independent from the above equation, from the first law of thermodynamics we (should)
know,

dE = TdS — PdV + pdN (%)

Plug in dE from (xx) in (%),

dF =Td5 — PdV + pudN — SdT — 45
=udN—-P dV —SdT
~—~—
=0 (Given)
= udN — SdT

Compare the above equation with this one,

aF oF
d{F(T.N)} = 5 dT + 51 dN
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