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Problem 1. [2]

Two massless sticks of length 2r, each with a mass m fixed at its middle, are hinged at an end. One stands

on top of the other as shown in the figure below. The bottom end of the lower stick is hinged at the ground.

They are held such that lower stick is vertical, and the upper one is tilted at a small angle ϕ with respect to

the vertical. At the instant they are released, what are the angular accelerations of the two sticks? (Use small

angle approximation for ϕ)

Figure 1.

Solution. Let us setup our diagram as follows (Just after we left the top stick) :

Figure 2.

Let us call the lower mass as ml and the upper mass as mu just for our convinience (Remember they have the

same mass). Let x~ landx~u be the position vectors of the lower and the upper mass respectively. Take the origin

of your coordinate system to be as defined.

Let us look at the two position vectors of the two masses :

x~ l =

(

r sinθ1
r cos θ1

)

x~u =

(

2r sinθ1− r sinθ2
2r cos θ1 + r cos θ2

)
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Now for the lagrangian we need the potential energy and the kinetic energy (V and T respectively for the two

masses). For the kinetic energy we need the derivative of the position squared.

x~̇ l =

(

r cos θ1 θ1̇

−r sinθ1 θ1̇

)

x~̇u =

(

2r cos θ1 θ1̇− r cos θ2 θ2̇

−2r sinθ1θ1̇− r sin θ2 θ2̇

)

Now the kinetic energies of the two particles :

Tl =
1
2
ml (xl~̇ )2

=
1
2
(r2 cos2θ1 (θ1

˙ )2+ r2 sin2θ1 (θ1̇)
2)

=
1

2
mr2 (θ1̇)

2

Tu =
1
2
mu(x~̇u)2

=
1
2
mr2 ((2 cosθ1θ̇1− cos θ2 θ2̇)

2 + (−2r sinθ1θ1̇− r sinθ2 θ2̇)
2)

Tl is quite easy to deal with. But knowing that E-L equations are a bunch of differential equations having non-

linear terms is going to make life hard. So we use the fact that we started with a small angle ε and immidiately

after releasing the upper stick, the angle still remain small. We need to calculate the angular acceleration of these

sticks just after they are released so this is quite a reasonable assumption. So in the small angle approximation

Tl stays the same but the sinθ terms become θ and the cosθ terms become 1−
θ2

2
as we only drop terms higher

than second order. But if we see carefully for Tu the terms in theta for sin and cos will be squared. So they are

the sin and cos squared of a small angle. So we can basically neglect sin and take cos as 1.

So the new Tu which we are going to use is :

Tu =
1
2
mr2 ((2θ̇1− θ2̇)

2

Tl =
1
2
mr2 (θ1̇)

2

T =Tu +Tl =
1
2
mr2

(

5θ1
2̇
− 4θ1˙ θ2̇+ θ2

2̇
)

Now we use the same approximations in for the Potential energy, the first one, not the one where we drop sin

and take cos as one.

V =Vl+Vu = mgr cos θ1+ (2mgr cos θ1+mgr cos θ2)

= mgr (3cos θ1+ cos θ2)

(Afterusingapproximation)

= mgr

(

3

(

1−
θ1
2

2

)

+ 1−
θ2
2

2

)

= mgr

(

4−
3θ1

2

2
−

θ2
2

2

)

So now we have the Lagrangian as :

L = Tl+Tu−V

≈
1

2
mr2

(

5θ1
2̇
− 4θ1˙ θ2̇+ θ2

2̇
)

−mgr

(

4−
3θ1

2

2
−

θ2
2

2

)

Now plug the lagrangian for the two E-L equations :

d

dt

(

∂L

∂θ̇1

)

=
∂L

∂θ1
(1)

d
dt

(

∂L

∂θ̇2

)

=
∂L

∂θ2
(2)

Do the computation by plugging in the L and you get the following equations :

5θ̈1− 2θ̈2 =
3g

r
θ1

−2 θ̈1 + θ2
¨ =

g

r
θ2
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Now we need some initial conditions to make some sense out of these equations. We know that

the instant the sticks were released θ1=0 and θ2= ϕ. Plugging this in the above equations we get :

5θ̈1− 2θ̈2 = 0

−2 θ̈1 + θ2
¨ =

g

r
ϕ

Solving these we get :

θ1
¨ =

2g

r
ϕ

θ̈2 =
5g

r
ϕ
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